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It is well known that the stufe s(K) of a totally complex algebraic 
number field K is 1, 2 or 4. Known proofs use the powerful Hasse- 
Minkowski theorem and in the general case no elementary proof avoiding 
ideas involving local p-adic methods is known. For certain classes of totally 
complex fields, however, such elementary proofs have been given by 
various authors. Indeed, for imaginary quadratic fields see [8, 7, 61, for 
cyclotomic fields see [3,2] and an unpublished proof by D. Shapiro and 
D. Leep. 
The object of this paper is to give an elementary proof of the result for 
all totally complex quartic fields. 
Let then K be such a totally complex quartic field. Then we can find an 
c1 E K such that K= Q(u), where tl is a zero of the irreducible polynomial 
X4+CX2+DX+E (C,D,EEZ) (1) 
Further, since K is totally complex, certain conditions must be satisfied by 
the integers C, D, E. We have the following (cf. [l, p. 115-1161). 
LEMMA 1. (i) A, the discriminant‘of (I), is >O, 
(ii) Either C > 0 or E > C’/4. 
Proof: Since the roots of (1) are all complex and such roots occur in 
conjugate pairs, we may suppose the roots to be 8, 8, 4, d (all distinct since 
(1) is irreducible/Q). Then 
A= C(e-~)(~-~)12E(~-~)(~-~)12C(~-6)(~-~)12>0 
since (0 - @(b - $), (8 - d)( 0 - $), and (8 - $)( 0 - 4) are all non-zero reals 
and so their squares are >O. 
(ii) Suppose to the contrary that C< 0 and E < C2/4. We have 
f(X)=X4+CX2+DX-+E=(X2+C/2)2+DX+(E-C2/4). 
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Then f( &JT) = + D ,,/T+ (E- C2/4), so that at least one of 
f( f Jr-t/2) < 0. But if X is sufficiently large then f(X) > 0. It follows that 
f(X) = 0 has a real root contrary to our hypothesis. 
LEMMA 2. * Let CI, p, y, 6 be the zeros of (1) (renamed for convenience). 
Then A = A*(y - 6)* for some 1 E Q(a, /I). 
Proof. 
A=(~-P)2C(~-~)(~-~)12C(B-~)(B-~)12(~-~)2 
= (a - PI2 [a’ + a(a + D) + E/aB12 [P’ + #I(a + P) + E/aPl*(y - S)2, 
since CI + /I + y + 6 = 0 and a/?$ = E (by (l)), A = A*(y - 6)* as required. 
We now have our main 
THEOREM. Let K be a totally complex quartic field, then s(K), the stufe 
ofKis <4. 
Prooj Since a, 1, y, 6 are the zeros of (1 ), B, y, 6 are the zeros of a 
cubic over Q(M). If this cubic is reducible over Q(E), then one of its zeros 
is in Q(a); call it /3. Otherwise take /I to be any one of the 3 zeros of the 
cubic. So we may suppose /I to be a zero for which the field L = Q(cr, 8) is 
either K= Q(LY) or is of degree 12 over Q. We shall show that s(L) < 4. In 
case L = K, we are through; otherwise [L: K] = 3 and by [4] the Springer 
theorem we have s(L) = s(K) and we are through again. 
To look at the stufe of L, we split cases. 
Case 1. C>O. 
Then by ( 1 ), 
Lx* + p’ + y2 + s* = (a + p + y + s)* - 2(@ + ay + as + /?y + gs + yS) 
=o-2c= -2c. 
Hence (a + /3)’ + (a - /I)’ + (y + s)* + (y - sj2 = 2(a2 + p* + y* + S2) = 
-4C, i.e., 
(~+B)‘+(cI-/3p)*+(c~+~)*+A~~= -4C (2) 
using y+6= -(tx+p) and Lemma 2 with q= l/A. Let C,, A,, be the 
square-free parts of C and A, respectively. Then (2) says we can solve 
X2+ Y2+Z2+AIT2= -C, (3) 
in L. We now have two subcases to consider. 
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(i) Let A, = 1. Since C, > 0, it is a sum of 4 squares in Q c L and 
so by (3), we obtain a non-trivial sum of 8 squares in L to be 0, giving 
s(L) d 7. It follows that s(L) < 4 since s is a power of 2 (see [S]). 
(ii) Let A, > 1. Multiply (3) by C1 and write it as 
C,(X’+ Y2+ZZ+d2T2)+C,(A,-d2)TZ= -Cf (4) 
where d may be any integer. We shall show that by taking d = 0, 1,2 
suitably, we can write C,(A I - d2) as a sum of 3 squares in Q, so again by 
(4) a non-trivial sum of 8 squares in L is 0 giving the result. 
First if C, A, is itself a sum of 3 squares in Q, take d= 0. Jf not then 
C, A, = 4O(Sb + 7). Since C, and A i are square-free we have a = 0 or 1. 
Ifa=OthenC,A,=86+7.HereifA,=3thenC,~5(8)andC,(A,-l)= 
2(8) and so is a sum of 3 squares in Q as required. If A, > 3 then for 
d=2, Cl(A,-d2)=C,(A,-4)~3(8)and soisasumof3 squaresin Qas 
required. If a = 1 then C, = 2(4) and A, E 2(4) and taking d = I we see that 
C,(A,-d2)=C,(A,- l)r2 or 6(8) and so is a sum of 3 squares in Q 
again. This completes the case C > 0. 
Case 2. Cd 0, E > C2/4. 
Write (1) as (X2 + C/2)2 + DX+ E- C2/4. Then since ~1, /?, y, 6 are the 
zeros of this we obtain by adding 
i.e., 
(a2+~2+C)2+(t12-~2)2+(y2+S2+C)2+(y2-62)2+8 
Here 
(y2 + s2 + C)2 = [(y + sy - 2ys + C]’ 
= [(M+/?)“-~E/:IGL~+C]~ since c1+ jJ + y + 6 = 0, c&S = E. 
Further (y2 - b2)2 = (y - S)‘(y + 6)2 = A(cc + p)‘/n’ (by Lemma 2). Thus (5) 
again says that X2+ Y2+Z’+AT2+8(E-C’/4)=0 is solvable in 
K= Q(cr, 8) and proceeding as before with (3) we obtain the result. This 
completes the proof of the theorem. 
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